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PREFACE
In response to a suggestion by the Bureau of Ships,
Navy Department, Washington, D. C, investigation as to the
effects of non-sinusoidal impressed voltages on the opera-
tion of alternating current servo motors was undertaken in
October 1954 at the Electrical Engineering Laboratory, U.S.
Naval Postgraduate School, Monterey, California.
Inter-related with the effects of non-sinusoidal im-
pressed voltages are the effects of space harmonics of mag-
neto-motive force, the latter producing such phenomena as
asynchronous crawling and sub-synchronous locking. Bearing
this in mind, an effort was made to detect adverse effects
upon the operation of several two-phase induction servo
motors which might be attributable to either time or space
harmonics, or possibly a combination of the two. The motors
tested were standard production models except where one
modification was made in an endeavor to specifically create
an unfavorable design situation.
The results of this investigation indicated that wave
form, balanced or unbalanced, had no seriously adverse ef-
fect upon the torque-speed characteristics of the motors
tested. This might have been anticipated of production
models where design features would certainly tend to elimi-
nate or minimize such effects.
The writers acknowledge and deeply appreciate the'
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assistance and encouragement given by Professor W. A. Stein,
U. S. Naval Postgraduate School, throughout the entire period
of this investigation.
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CHAPTER I
INTRODUCTION
Automation is a newly coined word tending to describe
the modern trend toward greater and greater application of
automatic control. A system by which automatic control is
obtained is generally referred to as a servomechanism, and
it may be one or a combination of several mechanical, hy-
draulic, pneumatic, or electrical components.
The tWo-phase induction motor is an electrical compo-
nent widely used in control systems. For such application,
characteristics such as bi-directional control, linear
variation of torque with speed, linear variation of torque
with amplitude of signal, and high starting torque are par-
ticularly desirable, and much study has been devoted to the
development of two-phase induction motors that possess
these characteristics. A motor so designed is commonly re-
ferred to as a servo motor.
The classical analysis of the operation and character-
istics of the induction motor Is based upon the assumption
that the impressed voltages, the air gap and rotor fluxes,
and the primary and secondary currents are all sinusoidal.
Using this assumption. Professor Koopman /7/"- showed that
the torque versus speed curve is essentially linear, and
-"• Numerals in brackets refer to bibliography. See page 28«

that the torque versus control voltage Is precisely linear
at stall. In practice, however, these assumptions are
rarely valid, and the effect this deviation may have on the
theoretical operation of the servo motor therefore becomes
of vital interest to those charged with the specification,
design, and development of servomechanisras
.
The purpose of this investigation was to determine the
effect of non-sinusoidal volta,^es upon the theoretical
torque-speed characteristics of the servo motor. A general
investigation would have been desirable, but such investiga-
tion would have required the design features of the motors
under test to be variable in order to show the effects of
coil pitch, distribution of winding, skew of rotor slots,
and rotor resistance. Unfortunately, access to such motors
could not be had, and consequently the investigation was
limited to production models in which the designers had pre-
sumably utilized all means at their disposal to adjust the
motor parameters so as to provide optimum characteristics.
Thus the investigation became one to determine effects upon
a few particular, but representative, models rather than an
investigation of comprehensive scope.
The plan of procedure was roughly divided into two parts
In the first part, families of torque versus speed curves
were obtained for balanced sinusoidal impressed voltages of
various magnitudes and frequencies, and for balanced non-
sinusoidal voltages of known harmonic content. The torque

versus speed characteristics of the non-sinusoidal impressed
voltages should theoretically be the same as the resultant
torque obtained by superposition of the individual harmonic
torques
•
The second part of the plan was to force sinusoidal
currents of harmonic frequencies through one phase winding
irtiile maintaining current in the other phase winding sinu-
soidal and of fundamental frequency. It was recof:;nized that
no torque would be produced by time harmonics in this instance,
but the effect due to a possible combination of time and
space harmonics was not obvious; indeed, it was intuitively
felt that a torque would exist irrespective of the negative
Indication given by the theoretical analysis of Chapter II,
Ihe test results of both phases of the investigation
tended to verify in a most convincing manner, the theoreti-
cal predictions pertaining to the effects upon the operating
characteristics of the motors tested.

CHAPTER II
THEORETICAL ANALYSIS
1. Non-slnu3oldal waves.
Fourier demonstrated how certain periodic functions
could be analyzed into an infinite series of sinusoidal
functions of increasing frequency. The lowest frequency
present in such an anal^/sis is generally taken as the refer-
ence, or fundamental, while the higher order frequencies are
termed harmonics, -«• As exaraplies , the Fourier analysis of the
rectangular wave is:
UJkaAH /l^~^ tiyrULa hjU^h4 o//iMCL^Oyy^C-^
and the analysis of the triangular wave is
cJkiAji. Af = kjUoU-f <^ t^u ci^^Jcjb^
T[hus these non-sinusoidal waves may be considered to be the
sum of their individual sinusoidal components.
2. Time harmonics.
The harmonics of the impressed voltages and/or currents
are called time harmonics. If equal non-sinusoidal currents
flow in each winding of the primary of a two-phase induction
* In some analyses, such as Kron's paper on Induction Motor
Slot Combinations, it may be convenient to choose as refer-
ence some frequency of lower order than the lowest frequency
actually present.

motor having sinusoidal space distribution of air gap flux,
then each time harmonic of the current will establish its
own rotating magnetic field, and the field of the Nth har-
monic will rotate at a speed N times as fast as the field
of the fundamental.
5. Space harmonics.
The magnetic intensity of a field Induced by a current
flowing in a closed coll acts normal to the plane of the
coil and is uniform everywhere within the closed path.
Where the current varies sinusoidally with time, the result-
ant magnetic intensity will also vary with time; yet, at any
particular instant, the Intensity will be uniform everywhere
within the closed path of the coil. Suppose Fig. la repre-
sents a sectional view of a single turn coil. If the coll
is stationary, as it would be if it were part of the stator
winding of an induction motor, and if the current through
AAAAA+^A/K
O
t
-6 ^
(^) FIGURE 1 (b)
the coll varies sinusoidally with time, then the H vector
(magnetic intensity) will vary in magnitude with time as the
current in the coll varies. This type of variation is re-
ferred to as a standing wave, and in this instance the wave
shape of the H vector would be rectangular. Ihe Fourier
analysis of a rectangular wave was given in paragraph 1.

rThus a standing rectangular wave may be analyzed as being
composed of an infinite series of standing sinusoidal waves.
Pig. lb depicts the fundamental and third-space harmonic of
the square wave of Pig. la.
A standing sinusoidal wave may further be analyzed as
being the equivalent of two sinusoidal waves of the same
frequency but of half magnitude and travelling in opposite
directions* Ihis , of course, applies to each harmonic of
the standing rectangular wave, and in this manner, the sta-
tionary but time variant H vector may be resolved into an
infinite number of travelling components.
Suppose that the fundamental of Pig. lb represents a
sinusoidal distribution of flux from one pole, then it is
obvious that the third harmonic would be analogous to the
sinusoidal distribution of flux from three poles and the Nth
from N poles. Since all travelling waves move through one
pole pitch in the same increment of time, the Nth harmonic
must require N times as long to make one revolution of the
stator as compared to the fundamental wave. Herein lie the
basic differences between time and space harmonics. Whereas
the Nth time harmonic of current produces a flux pattern of
the same number of magnetic poles as the fundamental, but
rotating at a synchronous speed N times that of the funda-
mental; the Nth space harmonic of flux produces a flux
pattern having N times the number of fundamental poles but
1
rotating at a synchronous speed N times that of the funda-

mental. As an illustration, consider a 60 cycle, two-phase,
two-pole induction motor. The third time harmonic of this
motor would have a two-pole flux pattern rotating at 10,800
rpm, while the third space harmonic of the same motor would
have a six-pole flux pattern rotating at 1200 rpra.
4. Harmonics in practical systems.
Practical control systems contain various non-linear
elements such as iron-core inductances, phase-shifting net-
works, and electronic amplifiers that tend to distort the
voltages and currents before they reach the windings of the
servo motor. Tliese distortions produce time harmonics. On
the other hand, the types and relative magnitudes of space
harmonics that may be present in the stator and/or the rotor
are limited by the design features of the motor. Some of
these design features are: distribution of stator windings,
coil pitch, skew and number of rotor slots, and rotor
resistance. Actually, there is an infinite number of combi-
nations of the various types of harmonics that can combine
to produce rotating magnetic fields in stator and rotor hav-
ing synchronous speeds different from the fundamental syn-
chronous speed /8/. Obviously, the effect of these so-called
"parasitic" fields, when present, will depend upon their
magnitude relative to the fundamental field. Fortunately,
only the lower order harmonics are significant.
5, Development of torque.
Ihe analysis of the induction motor had little meaning

until Blondel introduced his equivalent circuit. Additional
impetus to ready analysis under all conditions of load was
given by the circle diagram as proposed by Eehrend /2/, With
the tools provided by these men, it was easy to derive the
approximate mathematical equations for torque, stall torque,
maximum torque, and slip at maximum torque as f ollows :-"-/9/
+rr/„'(s^.O^^^'^-r,f/J^
X, ^P^J- ^
l^ ^ (^ t -/SJ
^
-Diese equations apply to any time harmonic of order N provided
there is a rotating flux in the primary and an induced current
in the secondary, both of frequency N. It must be recognized
that the terras primary and secondary as used here apply joint-
ly to rotor and stator. Thus any pair of fluxes, regardless
of source, that combine to produce a rotating flux will react
upon a secondary current of the same frequency to produce a
torque: and, contingent upon the direction of rotation of the
flux, these torques can be either positive or negative,
6, Time-harmonic torques.
As previously stated, the servo motor is a two-phase
^:- See table of abbreviations for meaning of symbols.
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induction motor with a high-reais tance rotor. In this re-
spect it differs from the ordinary industrial induction motor
that obtains maximum torqiie at a speed within a few percent
of synchronous speed. The large value of R2 of the servo
motor causes the maximum torque to occur outside of the nor-
mal operating range of the motor as indicated by the torque-
speed curve shown in Pig. 2. Ihis curve clearly illustrates
la SUP o.a
FIGURE 2
how the relatively high value of R2 provides the desirable
characteristics of near-linear torque-speed relationship and
stability throughout the normal operating range between zero
and unity slip.
Consider the equation for stall torque of fundamental
frequency as given in paragraph 5 above, and repeated here:
It is difficult to say how the bracketed term will vary with
increasing frequency for any particular motor, but the ef-
fective values of Ri and R2 will probably increase slightly

due to increased skin effect while the values of x will
increase linearly. The servo motor being inherently a high
resistance machine, the ratio of {Kf'^ Rx)/v^i'^'^r-) will pro-
bably exceed 20 times the ratio of these parameters for an
ordinary induction motor. The effect of increased reactance
is consequently very, very much less in the servo motor. The
term in parentheses, however, will vary inversely with the
frequency and directly as the square of the impressed vol-
tage. Disregarding the bracketed term, one could expect
that the torque developed by an impressed voltage of one-
third magnitude and three times frequency would be approxi-
mately
^
_l
or 27 times the torque developed by voltage V]_ at frequency
f3_. This situation obtains when considering the third time
harmonic of a rectangular wave where V]_ and f^^ would apply
to fundamental values of impressed voltage and frequency.
Vftien considering the probable effect of the third-time
harmonic of a triangular wave, one must again refer to the
Fourier analysis of that wave where it is seen that the
magnitude of the third harmonic is one ninth of the funda-
mental. The stall torque of the third harmonic alone would
then be, approximately
^^5 frr y^
' ^^ Zf5
10

or 243 times the torque developed by the fundamental, and,
as with the rectangular wave, the algebraic sign would be
negative.
In regard to the algebraic sign of the third time har-
monic torque, consider the following analysis: Let
jSu^ c< -I- ^Ivv^:^^ +- ^-StA^ 6 o( - / represent the space-
variant terras of the H vector of the reference winding;
represent the space-variant terms of the H vector of the con-
trol winding; jji'^^^^ "^^ + Z?^ 6^ i^^if - - ~ - J represent
the current flowing in the reference winding; and
fl(^d<r^(c^i ^^/ij-t- ^^<!^^^^("^'^ ^ ^^^) - I represent the cur-
rent flowing in the control winding. Now if all space har-
monic terms except the fundamental are dropped, meaning that
consideration is only being taken of the space fundamental,
and since space distribution of time harmonics does not vary
with the order of the harmonics, the respective H vectors may
be expressed as
11

The net flux in the stator is of course the resultant of the
fluxes in the two windings , or
When the currents flowing in the respective windings are
balanced, -L/^^ - -^ ct^^/ X^ -Xc^ Therefore,
^ =^(i^) w(c< -uji^Kfl^M S>^" (oC-hS^ij
12

Here the first sine term is the fundamental rotating, time
flux and the second sine term is the third time-harmonic
rotating flux. Notice that the latter varies negatively
with time relative to the fundamental. Thus the algebraic
sign of the third time-harmonic rotating flux and consequent-
ly the third time-harmonic torque is negative. In like man-
ner it could be shown that the sign of the time-harmonic
torques of higher orders will alternate positive and nega-
tive.
7. Heating effects of non-sinusoidal waves.
Probably the most important single design consideration
involved in the rating of a aervo motor is the allowable tern*
perature rise which is a function of the heating effect, or
rms value, of the impressed voltage. When equivalent rms
values of impressed waves are maintained, the magnitude of
the fundamental frequency component of a non-sinusoidal wave
is always less than the magnitude of a pure sinusoid of that
frequency. As examples, the ratio of the maximum value of
the fundamental component of a square wave to the maximum
value of a pure sinusoid of same rms value as the square
wave would be yfffl. , and the ratio of maximum values of
fundamental components of triangular wave and a pure sinu-
soid would be ^'-yTT ft • Since the torque varies as the.
square of the impressed voltage, the fundamental torque of
these two non-sinusoidal waves would be 81 and 98.5 percent
of the torque that would be developed by a pure sinusoid.
13

IThis reduction in torque is in addition to the decrease re-
sulting from negative third time-harmonic torque as discussed
in paragraph 7,
8. Space-harmonic torques.
Ibe torque-producing combinations of space harmonics
that may exist in any particular induction motor are limited
by the design features of the specific motor. Some of these
design features tend to minimize the effects of the higher
order space harmonics while others tend to eliminate them
completely from either the primary or secondary. Whether a
motor is "usable " or not is an indication of how effectively
these design features have been utilized. Kron /s/ gives a
comprehensive treatment of torques produced by space harmon-
ics of stator and rotor and the effects of same in his paper
"Induction Motor Slot Combinations". The subject is much
too complex to be reduced or summarized for inclusion here.
Suffice it to say that in all usable induction motors, the
space-harmonic torques have been sufficiently minimized by
proper design technique so as to render their effects negli-
gible.
9. Unbalanced complex waves.
Until now, all analysis of the effects upon the net
torque of a servo motor have been analyzed with regard to
balanced voltages, whether sinusoidal or complex. Quite
commonly', however, the control voltage is very small and
must be amplified and shifted in phase in order to obtain
14

the proper magnitude and phase relationship relative to the
reference winding in order to obtain the torque desired from
the servo motor. The result of this amplification and phase
shifting is frequently to introduce time harmonics into the
control winding voltage that do not exist in the reference
winding voltage. The question naturally arises, will these
unbalanced voltages caujae parasitic torques that will intro-
duce irregularities in the torque-speed curve?
Anyone would readily say that there could be no time-
harmonic torque resulting from a third-time harmonic in the
control winding and a fundamental-time harmonic in the re-
ference winding, but is it intuitively evident that there
would not be a time-space combination that could possibly
produce a parasitic torque? It was not so evident to the
authors because it could be reasoned that the third-space
harmonic of the third-time harmonic would have the same syn-
chronous speed as the fundamental.
The mathematical analysis of this situation follows:
&^ r / 7
15

ciA^a
^To
-hKIc
It can now be seen that through the fifth space harmonic of
each impressed current there will be no cancellation of any
of the positively and negatively rotating fluxes so as to
give a net torque. Considering only the third-space of the
third-time of the control winding gives the following terms:
Even though the terms of the above expression have the same
synchronous speed as the fundamental Hp]_ waves, the addition
16

of these two H waves gives
where the first bracketed term is the forward-rotating
resultant H vector and the second bracketed terra is
the backward-rotating resultant H vector.
These vectors are identical except for the 180 degree phase
reversal of the third-harmonic terra. Since the torque de-
veloped is independent of the phase relationship of the com-
ponents of a complex wave, the forward and backward-rotating
complex H vectors given above will produce equal and oppo-
site torques, or a zero net rotating torque. These opposite-
ly rotating torques would of course be equivalent to a
standing or pulsating torque and could cause serious vibra-
tions.
10. Summary of theory.
Summarizing the above theoretical considerations, it
may be stated that:
a) Time harmonics will reduce the net output torque if
heating effects are maintained constant. This reduction in
torque, however, would probably never exceed 25 percent of
rated sinusoidal torque even under the most adverse condi-
tions encountered in practice.
17

b) Space harmonics would, if present, render a servo
motor useless as a lihearly responsive control device; how-
ever, space harmonics may be eliminated or minimized by
careful design techniques.
c) Unbalanced harmonic content would reduce output for
a given temperature rise - as in (a) above - but would not
adversely effect the shape of the torque-speed curve.
18

CHAPTER III
INVESTIGATIVE PROCEEDURE AND RESULTS
1, Testing equipment.
All equipment used during this investigation was regu-
lar laboratory equipment available to students of the
Electrical Engineering Department of the U. S. Naval Post-
graduate School. Included were the following items:
a) A gang motor-generator unit having a d.c. driving
motor and separate a.c. generators of frequencies 6U
,
2u> ,
ZuJ , 5u) , and 7oO , The rated fundamental frequency of this
unit is 60 cycles at 3600 rpm, but variations are available
by virtue of the variable-speed d.c. motor drive.
b) A General Radio type 736-A wave analyzer capable of
measurement of individual periodic components of a complex
wave with a range of 30-300v; 20-16,500 cycles.
c) A special dynamometer developed specifically for
testing small motors by S. H. Van Wambeck and W. A. Stein /l3/.
d) Oscilloscopes, motors, thermo-couples, photographic
equipment, etc., as required for instrumentation.
2. Circuitry and instrumentation.
a) Two-phase voltage source: The balanced two-phase
voltages used in this investigation were obtained from the
three-phase generators by connecting two of the three phases
as in a wye connection. This provided a voltage 1.73 times
phase voltage and displaced 90 degrees from the remaining
19

phase voltage. Pour leads were brought from the generator
terminal panel to variacs where the voltages could be varied
individually as required. (See illustration 1)
b) Frequency control: The speed of the d.c, drive motor
for the generators was controlled manually through a Ward-
Leonard system. The output frequency was compared to an
audio-oscillator signal by means of a Lissajou figure on a
cathode ray oscilloscope. (See illustratipn 2)
c) Harmonic displacement: The individual generators
of the gang harmonic-generator were mounted on cradles that
could be rotated by means of a worm gear and locked at any
chosen displacement relative to the fundamental-frequency
generator. (See illustration 3) Displacement of the
various voltages was indicated by a cathode-ray oscillo-
scope that was triggered by a signal from the fundamental-
frequency generator. Ihls triggering circuit is shown in
illustration 2.
d) 1200 cycle voltage: The 1200 cycle voltage used in
the time-space investigation was obtained by a tripler cir-
cuit (see illustration 4) that was essentially an open delta
connection. The voltage at open delta was only 15 volts
with five percent fundamental even though the phase voltages
were taken through variacs to obtain optimum balance. This
voltage was purified by passing through a band-pass filter
that reduced the 400 cycle content to less than one percent
before amplification to final value. Three hundred sixty
20

degree phase shift of this voltage relative to the 400 cycle
voltage was obtained by means of a synchro transmitter.
e) Temperature rise: Motor case temperature above
ambient was measured with a therrao couple and galvanometer
calibrated to indicate one degree Centigrade for each grad-
uation of scale. Ambient temperature was measured with a
mercury thermometer suspended directly above the cold junc-
tion of the thermocouple. Temperature was controlled by
means of a variable speed blower that was shut off during
all balance readings of the dynamometer. This set-up may be
seen in illustration 5,
f
)
Voltage, current, and power measurement: Illustra-
tions 1 and 2 show the meter arrangement used for measure-
ment of voltage, current, and power during the early phases
of the investigation. In all Instances, the meter load was
determined and recorded prior to recording of of test data.
Only one wattmeter was used, but compensating series and
shunt resistances were included in the switching circuit so
as to maintain balanced instrumentation load at all times.
In the later phases of the investigation, this metering cir-
cuit was abandoned in favor of the following arrangement. A
one ohm carbon pile resistance was inserted in series with
each phase winding. The phase voltages and currents were
then metered by a single vacuum tube voltmeter through the
rotary selector switch, the current being equal to the volt-
age drop across the carbon pile resistor. Ihe current wave
21

shape was observed on a cathode-i^y oscilloscope and ana-
lyzed by the wave analyzer* to assist in maintaining as pure
a sinusoid as feasible so as to preserve the conditions of
the theoretical analysis. See illustration 4 for schematic
diagram of this circuitry,
3. Selection of motors to be tested.
It was originally intended to test only 60 cycle motors
because of the rating of the harmonic generator. The Bureau
of Ships provided several prototype motors for this purpose.
Study of the winding data of these motors, however, indi-
cated that all were wound with distributed windings that
practically eliminated the third and fifth space harmonics
from the stator. This of course made them useless for in-
vestigation of space harmonics but ideally suited for inves-
tigation of time harmonics.
An investigation of the winding arrangement of the Kear-
foot, type R 111-2-B, 400 cycle servo motor showed that it
had unity pitch factor and distribution factor, and, as shown
below in figure 3, the variation of air gap permeance could
CO/L i,PH/^SE /): l-G
coiLZ^PHPiSEh- S'-IO
c-e-
FIGURE 3
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be expected to Introduce a decided third harmonic In the air
gap flux density. All of these design features suggested
that the stator would be Ideal for an Investigation of the
effects of space harmonics. The problem of the frequency
could be solved by running the harmonic generator at reduced
speed so as to obtain 400 cycles from the seventh harmonic
generator and 1200 cycles from an open-delta frequency-trlp-
ler.
4. Proposals.
The proposed proceedure was to obtain a complete family
of torque-speed curves of the 60 cycle servo motor. Input
voltages were to be balanced sinusoids, balanced non-slnu-
solds, and unbalanced sinusoids. For the 400 cycle motor,
it was proposed to Impress rated voltage and frequency on
the reference winding, and then Investigate the effects upon
the torque-speed curve when the Impressed control winding
voltage was (1) of rated rms value at rated frequency, (2)
of rated rms value at 1200 cycles, and (3) zero.
5. General precautions.
Early in the investigation it was found that the tem-
perature rise for a given Impressed voltage was a function of
the slip, and that erratic torque-speed curves were obtained
if no effort was made to maintain ,temperature rise constant.
Illustrations 6 and 7 give the torque versus temperature
curves of two of the motors tested. Constant casing tempera-
ture was controlled as explained in paragraph 2(e) above.
23

When higher order time-harmonic frequencies were applied
to the motor windings, saturation became a problem since the
theoretical considerations had assumed no saturation. Satu-
ration, of course, is evidenced by a distortion of the current
wave form, consequently, the current wave form was used as
the criterion of limiting conditions rather than magnitude
and wave shape of impressed voltages. Illustrations 8 and 9
show the current wave form obtained when rated voltage at
120U cycles was impressed on the control winding and also
the current wave forms obtained when the control voltage was
decreased to minimize saturation effects,
6, Sinusoidal time-harmonic test-data, '
Illustration 10 gives the family of torque-speed curves
for rated reference voltage at rated frequency with control
voltage at rated frequency as the variable parameter. These
curves are typical of those provided by the various manufac-
turers of servo motors and must' be considered normal. It
should be noted, however, that these curves would not have
been so "typical" had not the casing temperature been main-
tained substantially constant. Of particular interest in
these curves is the linear torque versus control voltage re-
lationship at stall. Illustration 11 is a graphical presen-
tation of this feature. Linearity at stall is of particular
importance because of the simplification of interpolation
proceedure it affords.
Illustration 12 gives the torque-speed curves for
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balanced non-sinusoidal Impressed voltages. The fundamental
components were made equal to the rated voltage so as to
give a more ready comparison with the curves of Illustration
11-. A curve of balanced third harmonic voltages of same mag-
nitude as that contained in the approximate rectangular wave
ia also included in illustration 12. As was predicted by
the theoretical analysis, the simulated rectangular voltages
produced a torque-speed curve that was - to the accuracy of
the recording devices - the difference between the fundamen-
tal and third-harmopic torques.
Variation of the phase displacement of the third-time
harmonic of the simulated triangular wave had no effect upon
the net torque of the complex wave; that is, for a given
fundamental and given third harmonic, the net torque was the
same for a flat complex wave as for a peaked complex wave,
7. Space-harmonic test data.
The stator winding and rotor of the 400 cycle, Kearfoot
motor are shown in illustration 13. The unity pitch factor
and unity distribution factor are clearly evident. The vari-
ation of gap permeance due to slots and teeth is also clearly
shown. Prom considerations of the stator alone, certainly
this motor could have been expected to show the effects of a
pronounced third-space harmonic. The test data for this
motor, which is presented as the torque-speed curve of illus-
tration 14 nevertheless was smooth. Closer study of the
rotor at this time indicated that the skew of the rotor bars
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was approximately two-thirds of a pole pitch, or 120° funda-
mental space degrees. As far as the third-space harmonic is
concerned this skew is approximately 360 electrical degrees.
The reason for zero third space-harmonic torque is now appa-
rent because the net induced voltage in the rotor resulting
from the rotating third-space harmonic of flux in stator
must be zero. This design feature would also reduce all
higher 'order space hannonics to negligible magnitudes.
8« Unbalanced time-harmonic test data.
This test was made with maximum undistorted currents in
each winding so that the previous theoretical analysis would
apply. Distortions at rated current occur because of satura-
tion and transformer action between windings. Illustrations
8 and 9 are oscillograms of the reference and control cur-
rents showing how the amount of distortion was decreased by
reduction of currents to slightly below rated values.
Before connecting the shaft of the motor to the dynamo-
meter, it was tested under no-load conditions to determine
the existence of a torque. It was found that a torque did
in fact exist, and that, speed could be controlled up to
approximately 500 rpm in either direction by variation of the
phase displacement of the impressed currents. This of course
would tend to refute the previous theoretical analysis; how-
ever, after the motor was connected to the dynamometer, the
torque-speed curve marked A in illustration 15 was obtained.
This is the type of curve one would expect for zero control
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voltage. In order to get a comparison with a torque-speed
curve for zero impressed control voltage the E^j^ supply to
the amplifier supplying the 1200 cycle voltage was reduced
to zero. Curve B of illustration 15 was then obtained, in-
dicating that the 1200 cycle current in the control winding
produced no net torque. Curves A and B differ from curve C,
which was obtained by shorting the control winding at the
motor, because of the additional resistance and inductance
introduced in series with the control winding when the
secondary of the output transformer is in the motor cir-
cuit. Curves A and B are more typical of the zero control
voltage curves that would be obtained in a practical appli-
cation, '
A more exacting harmonic analysis of the rated currents
was made with the wave analyzer and the following per unit
values applying to oscillogram A of illustration 9 were ob-
tained:
cps 400 1200
Ii.(ma) 1.000 0,013
Ic(ma) 0.015 1,000
The net developed torque in this instance would be the differ-
ence of the 400 and 1200 time harmonic torques, and although
this net torque would be extremely small, it would be suffi-
cient to overcome the trifling friction and windage losses of
this small motor at these low speeds and thus give the no-load
torque previously observed but too small to measure.
In order to determine if these different frequency cur-
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rents could produce some hi^er order space-hai*monlc rotat-
ing field in contradiction to the previously determined
theoretical analysis, a solid raild-steel sleeve was shrunk
over a spare rotor that had been turned down to below the
depth of the rotor slots. The stall torque with this modi-
fied rotor was only 33/40 inch ounces as compared to 100/40
inch ounces for the normal rotor when maximum undistorted
currents at'' 400 cycles were forced through both windings.
The stall torque for this modified motor was again zero for
the 400/1200 cycle test.
9. Appraisal of test data.
Appraisal of the test data discussed above leads to the
conclusion that these data are in complete agreement with
the theoretical analyses of Chapter II. One additional com-
ment might now be made as a result of the information ob-
tained by test: that is, an a.c. servo motor that has a
smooth torque-speed curve for rated voltage and frequency
will operate satisfactorily - albeit with higher losses -
when the impressed voltages are non-sinusoidal.
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CHAPTER rV
CONCLUS IONS
This investigation, in essence, dealt with two sepa-
rate aspects of the effects upon torque-speed characteris-
tics of typical, production-type servo motors; namely, the
effect of time harmonics and the effect of space harmonics.
First through a theoretical analysis of certain proposed
conditions, and then- through an experimental analysis of
these same conditions, it was shown that tne conclusions to
be drawn from either approach agreed remarkably well with
the other. These conclusions may be summarized as follows:
1) Distorted or complex _wave forms of impressed volt-
age will reduce net developed torque for a given temperature
rise of the motor, but this reduction will rarely - if ever •
exceed 30 percent in practice. This reduced net torque is
due to the relative reduction in magnitude of the sinusoidal
component of fundamental frequency plus the negative torques
developed by the third and seventh time harmonics.
2) Variation of the winding temperature within the
limits of ambient and maximum allowable temperature rise
could well have the greatest effect upon the smoothness of
the torque-speed characteristic of all the operating condi-
tions investigated.
3) The effect of the third-space harmonic must be
eliminated by proper application of available design tech-
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nlques before any two-phase servo motor may be termed usable
as regards application to feed-back control circuits.
4) A most satisfactory criterion of adequacy of design
safeguards against possible adverse effects upon the desired
operating characteristics of a given servo motor due to com-
plex impressed voltages is the smoothness of the torque-
speed curve throughout the entire range of plus and minus
synchronous speed,
5) In general, the adverse effects of complex Impressed
voltage wave forms that can be expected in practice need not
seriously limit the application of the modern production-type
two-phase servo motor.
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